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Abstract 



The Lie group SU(2) endowed with its canonical subriemannian structure appears as a 
three-dimensional model of a positively curved subelliptic space. The goal of this work is to 
study the subelliptic heat kernel on it and some related functional inequalities. 
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1 Introduction 



The goal of this work is to study in details the heat kernel and some related functional inequalities 
in one of the simplest sub-elliptic models after the Heisenberg group: the Lie group SU(2) 
endowed with its canonical subriemannian structure (coming from the Hopf fibration 8 2 — » § 3 , 
see |24j). In the classification of three-dimensional homogeneous subriemannian structures (see 
page 22 in p3] ) the role played by this group could be compared to the role played by the sphere 
in Riemannian geometry: It should be a three-dimensional model of a compact positively curved 
subriemannian space. 

In the flat three-dimensional subelliptic model, that is the Heisenberg group, the subelliptic 
heat kernel is quite well understood. In his celebrated paper [15] ; Gaveau gave a useful integral 
representation and deduced from it small times asymptotics. Since, numerous papers have been 
devoted to the study of this kernel (see for instance [9], [19] and the references therein). In the 
case of SU(2), we will see that a quite similar study can be made: we will obtain an integral 
representation of the heat kernel and will deduce from it the small times asymptotics. These 
asymptotics give, in particular, a way to compute explicitely the Carnot-Caratheodory distance 
associated to the subriemannian structure of SU(2). An interesting fact, on which we will focus, 
is that the Heisenberg group is the tangent cone (in Gromov-Hausdorff sense) to SU(2) so that 
dilating SU(2), will allow us to recover the known results of the Heisenberg group. 

On the other hand, recent works have started to study gradient estimates for subelliptic semi- 
groups (see for instance [5], [12], [19], [22]). From the point of view of partial differential 
equations (see [I], p2]), gradient estimates had proved to be a very efficient tool for the control 
of the rate of convergence to equilibrium, quantitative estimates on the regularization properties 
of heat kernels, functional inequalities such as Poincare, logarithmic Sobolev, Gaussian isoperi- 
metric inequalities for heat kernel measures, etc... When dealing with linear heat equations, 
those gradient estimates often rely on the control of the intrinsic Ricci curvature associated 
to the generator of the heat equation (Bakry-Emery criterion, see [2]). Those methods basi- 
cally require some form of ellipticity of the generator and fail in typical subelliptic situations, 
like for instance in the Heisenberg group (see [5])- From the point of view of geometry, these 
gradient estimates are interesting, because they should contain informations on the curvature 
of the space. For instance, in Riemannian geometry (see [5J, [32] ), the functional inequality 
||Ve* A /|| 2 < e _2pi e* A (||V/|| 2 ) is equivalent to the lower bound Rice > p, where Rice denotes 
the Ricci curvature. In subriemannian geometry there is no real analogue of Ricci curvature; 
for instance, in Lott-Villani-Stiirm sense (see [21], [28], [29]), the Ricci curvature of the sim- 
plest subelliptic model, the Heisenberg group, is — oo (see |15|). However, we will show in this 
paper that we obtain exponential decays for the long-time behaviour of gradient estimates of 
the subelliptic semigroup on the model space SU(2) and controls on the small-time behaviour. 
Nevertheless, as it appears from our methods, the exponential decays we obtain are optimal but 
are mainly consequences of spectral properties, so that we do not really rely on any notion of 
intrinsic Ricci curvature excepted in the Li-Yau type estimate that we obtain. In the future, 
we hope to extend those methods to cover more general situations and to make the link with 
more geometrically oriented works like for instance [26], where a Bonnet-Myers type theorem is 
obtained in a hypoelliptic situation. 
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So, finally, this work is mainly divided into two parts. In a first part (Section 3), we will study 
the subelliptic heat kernel on SU(2). We provide its spectral decomposition, prove an integral 
representation of it and compute its small times asymptotics. In the second part (Section 4) we 
will focus on gradient estimates, using the previous results. 



2 Preliminaries on SU(2) 

In what follows, we consider the Lie group SU(2), i.e. the group of 2 x 2, complex, unitary 
matrices of determinant 1. Its Lie algebra su(2) consists of 2 x 2, complex, skew-adjoint matrices 
of trace 0. A basis of su(2) is formed by the Pauli matrices: 

x= ( 1 \ Y ^ i \ r, ( % 



-1 / ' \ % 7' V -i 

for which the following relationships hold 

[Z, X] = 2Y, [X, Y] = 2Z, [Y, Z] = 2X. (2.1) 

We denote X, Y, Z the left invariant vector fields on SU(2) corresponding to the Pauli matrices. 
The Laplace-Beltrami operator for the bi- invariant Riemannian structure of SU(2) ~ § 3 is 

A = X 2 + Y 2 + Z 2 . 

It is in the center of the universal enveloping algebra of the vector fields X, Y, Z. In the sequel, 
we shall mainly be interested in the operator 

£ = X 2 + Y 2 . 

According to the relations (|2,ip and due to Hormander's theorem, C is subelliptic but not elliptic 
so that the associated geometry is not Riemannian but only subriemannian. 
Associated to C, there is a notion of length of gradient that is given via the carre du champ 
operator defined for smooth functions by 

IU /) = \(Cf 2 - 2fCf) = (Xf) 2 + (Yf) 2 . 
The intrinsic distance associated to C is given 



5{9i,92) = sup{| f(gx) - f(g 2 ) \} 
fee 

where C is the set of smooth maps SU(2) — > R that satisfy F(f,f)(x) < 1 , x £ SU(2). This 
distance is the Carnot-Caratheodory distance. Via Chow's theorem, it can also be defined as 
the minimal length of horizontal curves joining two given points (see Chapter 3 of [7]). 

To study C, we will use the cylindric coordinates introduced in [llj : 

, „ , , nv . / rv\ ( cos(r)e lz sin(r)e^ e '~ 2 ) \ 

(r,d,z) exp{rcosdX + rsm9Y)exp(zZ) = -i(e-z) < \ -iz > 

\ — sm(r)e 1 ; cos(r)e J 
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with 

< r < |, 9 £ [0,2vr], z G [-7r,7r]. 

Simple but tedious computations show that in these coordinates, the left-regular representation 
sends the matrices X, Y and Z to the left-invariant vector fields: 

8 ( 8 ( 1 \ 8 

X = cos( -9 + 2z) — + sin(-0 + 2z) tanr— + I tan r H — 

or \ oz \ tan r J 89 

8 ( d ( 1 \ d\ 

Y = -sin(2z - 9)— + cos(2z - 9) tanr— + tanr H — , 

or \ oz \ tan r J 09 J 

z = -, 

dz' 

and that the bi-invariant normalized Haar measure reads: 

da = — ; r sin 2rdrd9dz 

471-2 

Remark 2.1 The right regular representation sends the matrices X, Y and Z to the right- 
invariant vector fields 

d . J d ( 1 \ d 



n d . n ( d ( 
X = cos 9— — hsinfl tanr— — h tanr 
Or \ oz \ 



tan r J 89 



• n 9 J d ( 1 \ d 

Y = sin 9— cos 9 tan r— — h tan r 



dr \ dz \ tan r J 89 

d d 
h 2 — 

dz 89 



We therefore obtain 



C = X 2 + Y 2 



8 2 8 ( 1 o \ 8 2 2 9 2 2 , a 2 

+ 2 cotan 2r— + 2 + =- + tan 2 r — - + tan 2 r— T + 2(1 + tan 2 r)- 



and 



5r 2 9r V tan 2 r / 90 2 9z 2 8z89 



A = X 2 + Y 2 + Z 2 



- — £ 

dz 2 

Note that £ commutes with ^ and with J|. 

Remark 2.2 (Probabilistic interpretation) T/ie computation of the left-regular representa- 
tion shows that if(X t ) t > is the Markov process that is the matrix-valued solution of the stochastic 
differential equation (written in Stratonovitch form) 

dX t = X t (XodB} + YodB?), X = l, 
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where (B}, Bf) t >o is a two-dimensional Brownian motion, then, in law, 

X t = exp (pt(X cos 9 t + Y sin 6 t )) exp(z f Z), t > 0, 
where (pt, 9t, zt)t>o solve the following stochastic differential equations (written in ltd 's form): 

dpt = 2cot&n2p t dt + dBj, 



d9 t = -^dBl 



dz t = tan ptdBf. 

3 The subelliptic heat kernel on SU(2) 

By hypoellipticity, the heat semigroup Pt = e tc admits a smooth kernel with respect to the 
Haar measure p, of SU(2). Our goal in this section will be to derive various representations of 
this kernel and to get precise asymptotics in small times. 

3.1 Spectral decomposition of the heat kernel 

Since C commutes with that vanishes at 0, we deduce that the heat kernel (issued from the 
identity) of Pt = e tc , only depends on (r, z). It will be denoted by pt(r, z). 
We first obtain the spectral decomposition of p t (r, z): 

Proposition 3.1 For t > 0, < r < f, z £ [-7r,7r]. 

+oo +oo 

p t (r,z) = E( 2A:+ I n I +l)e- (4fc(fc+|n|+1)+2|n|)i e in2 (cosr)l n lp fc °' |n| (cos2r), 

n=— oo k=0 

where 

is a Jacobi polynomial. 

Proof. Since the points (r, 6, z) and (r, 9, z + 2ir) are the same, we can define pt(r, z) for all z G M 
and it is 27r-periodic. The idea is then to expand pt(r, z) as a Fourier series in z: 

p t (r,z)= e mZ *n(t,r) 

n=— oo 

Since pt(r, z) satisfies the partial differential equation, 

dpt r 

-w = Cpu 

we obtain for <E>„ the following equation 



= - „ + 2 cotan 2r— n tan 

ot or z or 
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and look for a solution under the form 

* n (t,r) = e~ 2nt (cos r)\ n \g n (t, cos 2r). 

We get: 
where 

Gn = (l-x 2 )-^ + (\n\-(2+\n\)x) — 
It is well-known that eigenvectors of Q n are the Jacobi polynomials: 

p°>W( x ) - ( -1 ) fc — (a + x )\ n \(i - x 2 ) k 

In fact we have 

g n (P° k M )(x) = -k(k + n + l)P° k H (x) 

So we are finally led to put 

+00 +00 

p t (r,z)= E a Me- (4fc(fc+H+1)+2H) V" 2 (cosr)l n lp fc °' |n| (cos2r) 

n=~oo k=0 

for some c%k,ni where the c%k,n will be determined by the initial condition at time 0. 

Clearly p t satisfies the equation ^ = Cpt and, by using the fact that (-ffc'' n ')fe>o is an orthogonal 

basis of L 2 ([— 1, 1], (1 + x)^du) with ||-P°'' ?1 '|| 2 = 2k+\n\+i we easi ly check that for a smooth / 



as soon as a/- n = 2k + \n\ + 1 



2vr 

p t (r, z)f(r, z) sin(2r)drdz ^ t ^o /(0, 0) 



□ 



Remark 3.2 By using the representation theory o/SU(2), a similar spectral decomposition is 
given in J3}/. Nevertheless, for the sake of completeness, we included this elementary proof. 

3.2 Integral representation of the heat kernel 

We now provide an integral representation of pt based on the following formula: 

e = e « e 

that stems from the commutation between A and Jj. Since A is the Laplace-Beltrami operator 
on the three-dimensional sphere which has a well-known heat kernel, it will lead to an expression 
of pt- 

Let us consider on the interval [—1, 1] the second order differential operator 

2^ d 2 d 

J =( 1 - 1 ^- 3 ^- 
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For m > 0, let U m denotes the Chebyshev polynomial of the second kind: 

TT sin(m + l)x 

U m {COSX) = ; , 

smx 

and 

+00 

q t (x) = ^ (m + l)e- m(m+2)t U m (x), x e [-1, 1]. (3.2) 

m=0 

It is known that if / is a smooth function [—1,1] — > R, then 

(e tJ f)(l) = - C qt^fixXl-x^dx, 
n J-i 

Lemma 3.3 If f is a smooth function SU(2) — > M, then for t>0, 

l /"f r 2w r w 

(e* A /)(0) = — j / / / %(cosrcos;?)/(r,6^)sin2rdrd6>cb 
4vr z Jo Jo ./_„. 

Proof. An easy calculation shows that the function q t (cosrcosz) solves the heat equation 

d 

— (qt(cos r cos z)) = A(g t (cos r cos z)). 
Now we have to check the initial condition. We must show 

7T / q t (cosr cos z)f(r,z) sin 2rdrdz — > t _^ /(0,0) 

27T Jo Jo 

Since we will make the following change of variables: 

u = cos r cos z 
v = cos r sin z 

we take the function / of the form f(r,z) = g(cosrcosz)h(cosrsinz). The new domain is 
D = {(x,y),x 2 + y 2 < 1} and the Jacobian determinant is ^sin2r. So 

— / / qt{cosrcosz)g{cosrcosz)h(cosrsvaz)sh\2rdrdz 
2vr J r=0 J z=0 

= ~ / / qt(u)g(u)h(v)dudv 
71 J Jd 



1 / / .(l-„2 ) l/2 

- / / H 



v)cfa; qt(u)g(u)du 



We may rewrite it as 



- r q t (u)l(u)(l -u 2 ) 1/2 du 

T J-l 



where I is the continuous fonction 



l(u) = g(u) 



/-(i-«2)i/2 h ( v ) dv 
2{l-u 2 ) 1 / 2 



Now, since qt is the heat kernel of a diffusion issued of 1 with respect to the measure f (1— u 2 ) l l 2 du 
and I is continuous, the last quantity is converging towards 1(1) = g(l)h(0) = /(0, 0) and the 
lemma is proved. □ 

Remark 3.4 The previous lemma shows that if p is the Riemannian distance from 0, then in 
our cylindric coordinates, we have 

cosp = COS T COS z. 

From the previous proposition, we can now derive an expression for pt in terms of qt- 

Let us first describe some properties of qt that will be useful in the sequel. From the Poisson 

summation formula, we obtain that for 9eK: 

q t (co S 6) = V 3 , V(0 + 2kv)e ~ 

*k* sm6 ttz 

J^e 1 9 ( ±^ M / forfl sinh^\\ 

= — 3 -e~ « 1 + 2 > e — cosh h 2/cvr — 

4t | sm0 { t[ { t 6 )) 

These expressions show that qt(cos9) admits an analytic extension for S 6 C. We moreover 
obtain precise estimates: 

• Let e > 0, for x £ (-1 + e, 1] and t > 0: 

q t ( x ) = ^L_—==e «— 1 + ^ t, s ) , (3.3) 
4i 2 VI - x 2 

where for some positive constants C\ and C2 depending only in e, | Ri(t,x) \< C\e t . 

• For x S [1, +00) and £ > 0: 

, . v/^re* arcoshx (arcoshap 2 ,„ „. 

4t2 Vx 2 - 1 

c 4 

where for some positive constants C3 and C4, | R2(t,x) \< C%e t . 
Proposition 3.5 PFe /taue /or i > 0, r G [0,7r/2), z G [— tt,tt], 

1 r+OO / , ■ \2 

1 / (y + ^z) 

p t (r, z) = —= / e « qt(cos r cosh y)dy 
y/Airt J-oo 
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1 e 4t ' 


l=— 1 


' e 4t | 


1 Vivrt i 


I 9y 2 1 





Proof. Let 

1 /» + 00 , . ,2 

ht(r, z) = —= / e 4t g 4 (cos r cosh y)dy; 
the integral being well defined thanks to the estimates on qt. By using the fact that 

0_ 

dt 

and 

d 

— (qt(cos r cos z)) = A(g t (cos r cos z)), 

a double integration by parts with respect to the variable y shows that 

9h t „, 
dt 

Let us now check the initial condition. Let f(r,z) = e lXz g(r) where A G R and g is a smooth 
function. We have 



1 n 

4^ 



&t(r, s)/(r, z) sin 2rdrd0dz = e tx (e tA g) (0), 

^0 -/-7T 



so that we obtain the required result. □ 
We are now in position to collect some properties of pt- 

Proposition 3.6 For A € C, ReA > 0, r E [0,7r/2), z £ [— tt,tt], 



Pt(r, z)e~ t ~~tdt 



x . / ■ x dy 



o J-oo 8-7T 2 [cosh a/?/ 2 + 4A — cos r cos(z + iy) 



Proof. We have 

-+oo i r+oo r+oo 



f — - I \ — t r 1 /" /" t " 2 + 4A / / • dt r 

/ e tpt{r,z)e at = —= e 4t qt{cosr cos{z + iy))—dy 

Jo v47r7-cx) Vo 



We now compute 

» + 00 2 



r°° - 4 -a!±M , , . NN dt 

e a (ft (cos r cos(z + iy)) — 

Jo Vt 



Vt 

by using the symbolic calculus on differential operators (it can be made rigorous with 13.21) . 

f +co t y 2+iX tA dt , f +co v 2 +^ t( A+ii dt , 
/ e~* — e tA — dt= / e ~ e~ t{ ~ A+1 > —dt 

Jo Vt Jo Vt 

-yV+4AV-A+l 



V-A + l 
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But from Taylor [30] pp. 95, 



1 



- v /y 2 +4A N /-A+i 



V 7 A + 1 47T 2 ^cosh y/y 2 + 4A — cos r cos , 

which implies the result. □ 

If we fix, r G [0, vr/2), z G [— it, 7r], we observe that it possible to find 0(r,z) G R, such that for 
A G C, Re A > and y G R, 

cosh \/ y 2 + 4A = cos r cos(z + %) =>■ ReA < #(r, z), 

where we use the principal branch of the square root. By inverting the last Laplace transform 
of the previous proposition, we therefore get: 

Corollary 3.7 We have for t > 0, r G [0, vr/2), z G [— n, ir], and 7 > 9(r,z), 

e* n +io ° f + °° eUydX 



Pt(r,z) 



16i7r 3 £ 2 Jx^-ioo J y =-oo cosh yj y 2 + 4A — cos r cos(z + iy) 
^From Proposition 13.61 we also deduce: 

Proposition 3.8 The Green function of the operator —C + 1 is given by 

1 1 



G(r,z) 



87T y/\ — 2 cos r cos z + cos 2 r 



Proof. Let us assume r / 0, z / 0. In that case the Laplace transform of Proposition 13.61 can 
be extended to A = and we have: 



&{r,z 

-00 

hoo 



8ir 2 (cosh y — cos r cos (z + iy) ) 
rfy 



8-7T 2 ((1 — cos t cos z) cosh y — i cos r sin z sinh y) 
1 1 / ,+0 ° dy 



8vr 2 Vl - 2 cos r cos z + cos 2 r J- 00 cosn 2/ 
1 1 



8vr ^/l — 2 cos r cos z + cos 2 r 

□ 

3.3 Asymptotics of the heat kernel in small times 

The goal of this section is to obtain the precise asymptotics of the heat kernel when t — * 0. We 
start with the points of the form (0, z) that lie on the cut-locus of 0. 
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Proposition 3.9 For t > and z £ [0, it), 
therefore, when t — > 0, 

n.i'n ^ = 

4i 2 



P,(0,,) = ^e-^(l + O(e-f)) 



Proo/. Let z G (0, 7r]. We have 

1 

Pt{0,z) = ^= e itq t (cosh(y -iz)))dy, 

But 

, . , v/^* 1 r-^ (y-iz-21 

g 4 (cosh(y - iz)) = 3 — — — ) (y - iz - 2ikir)e « 

4t2 smh(y - w) ^ 

and for S Z, from the residue theorem, 

[ +co y - iz - 2ik-K , , „ 9 ( z +2fc,r) 2 -(2fc+iMz+2fc,r) (2fc + 1) + 2fce"^^ +2fc7r ^ 

/ - — — -e it^+^'dy = 2ir z e at ^ i — . 

y_oo smh(y-«z) ^ + e _^( z+2 fe7r)y 

The result easily follows. □ 
We now come to points (r, z) that do not lie on the cut-locus, that is r 7^ 0. 

Proposition 3.10 For r G (0, f), when t — ► 0, 



Pt(r,0) 



ri 

r / l \/vre 4* 



sinr V 1 — rcotanr 4^5 



Proof. We fix r E (0, From the proposition 13.51 and due to the estimates on q t we get: 

Pt(r,0) ^(^lW + ^W), 

where 

/" y 2 +(arcos(cosrcoshi/)) 2 arcosfcos r cosh y) , 

«/i(i)=/ 1 e « ^ |4dy 

Jcoshy<^— vl- cos^rcosh w 

£i — cos r v £7 



and 

j 2 (t)= e" - •": _ ; ====^/. 

j cosh «> — 1 — 



-(arcoshtcosrcoshK)) 2 arcosh(cos r cosh y) 
iy>7^b V cos 2 r cosh 2 y - 1 



We now analyze the two above integrals in small times thanks to the Laplace method and show 
that J2{t) can be omitted. 

On the interval [— arcosh^-^, arcosh^-^] , the function 



f{y) = y 2 + (arcos(cosr coshy)) 2 
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has a unique minimum which is attained at y = and, at this point: 

/"(0) = 2(1 - rcotanr). 
Therefore, thanks to the Laplace method 



_z£ r I Airt 
Ji(t) ~ t _ e « 



sin r V 1 — rcotanr 

We now analyze the second integral. On (— oo, — arcosh^^) U (arcosh^j_, +oo) , the function 

g(y) = y 2 — (arcosh(cosrcoshy)) 2 , 

has no minimum. Therefore, from the Laplace method fait) is negligeable with respect to Ji(t) 
when t -> 0. □ 

The previous proposition can be extended by the same method when z / 0. If we fix r £ 
(0, §) ,z € [— 7T, 7r], then the function 

f(y) = (y — iz) 2 + (arcos(cosr coshy)) 2 , 

defined on the strip | Re(y) |< arcosh^p has a critical point at i0(r,z) where 9(r,z) is the 
unique solution in [— 7r, it] to the equation: 

N . N arcos(cos 6>(r, z) cos r) 

0(r, z) — z = cos r sin ff(r, z) 



\/l — cos 2 r cos 2 0(r, z) 
Indeed, with u = cos r cos 6* 

9 arcos(cos#cosr) \ sin 2 r / u(r, z)arcosn(r, z) 
' cos rsinf - : = ; -tt 1 — 



00 V Vl -cos 2 rcos 2 #/ l-u^z) 2 ^ ^1 -u 2 (r 

which is positive. So this last function is bijective from [— it, it] on itself. 
We observe that at the point 9(r,z), f"(i6(r,z)) is a positive real number: 

f"(i9(r z)) = 2 sin2 r M U *- r ' z ) arcosu ( r ' z ) 1 



l-u(r,z) 2 ^ y/l-u*(r, z) ) 

where u(r,z) = cos r cos 0(r, z). By the same method than in the previous proposition, we 
obtain: 

Proposition 3.11 Let r £ (0, § ) , z € [-7T, 7r] . Mien i -> 0, 

(9(r,z)-z) 2 tan 2 r 

1 arccosu(r, z) y^e 4tsin2 e ( r - z ) 



p t (r,z) 



3 



Sinr /-^ _ M(r,z)arcos«(r,z) 4t2 
^/l-u 2 (r,z) 
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Remark 3.12 According to Leandre results 116]/ and \1T$ , the previous asymptotics give a way 
to compute the sub-Riemannian distance from to the point (r,9,z) G SU(2) by computing 
lim^o — 4t lnpt(r, z). This distance does not depend on the variable and shall be denoted by 
d(r, z). 



For z £ [ — 7T, 71"], 

For z £ [—ir, it], r £ (0, §), 



d 2 (0,z) = 2tt I z | -z 2 . 



2 (0(r, 2r) — z) 2 tan 2 r 



d 2 (r, z) 



sin 2 0(r, z) 



In particular, d 2 (r,0) = r 2 . 
In particular, the sub-Riemannian diameter o/SU(2) is thus tt 2 . 

3.4 From SU(2) to the Heisenberg group 

Our goal in this section is to exhibit the close connection that exists between the subelliptic 
operator C on SU(2) and the canonical subelliptic operator on the Heisenberg group HI. 
Let us first recall some basic properties of the three-dimensional Heisenberg group (see by e.g. 
[7], [5] and the references therein): H can be represented as M 3 endowed with the polynomial 
group law: 

(xi,y 1 ,z 1 )(x 2 ,y2,z 2 ) = (a?i + x 2 ,yi + y 2 ,zi + z 2 + xiy 2 - x 2 yi). 
The left invariant vector fields read in cylindric coordinates (x = r cos 9,y = rsm8): 

~ d sinO d d 

X = cos6>- — -rsm.0— 

or r ov oz 

. . d cos 9 d . d 

Y = smti— H — + rcost^— 

or r ott oz 

oz 

And the following equalities hold 

[X,Y] = 2Z, [X,Z] = [Y,Z] = 0. 

We denote 

C = X 2 + Y 2 . 

Due to Gaveau's formula (see [13]), with respect to the Lebesgue measure rdrdOdz the heat 
kernel associated to the semigroup (Pt)t>o = {e tC )t>o writes 
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If d denotes the Carnot Cartheodory distance on SU(2), then it is known that the Heisenberg 
group is the tangent cone in Gromov-Hausdorff sense. More precisely from Mitchell theorem 
(see also [7]), for any positive R: 



lim <5 GH (nB su(2) (0, R) , B H (0, R)) = 0, 

n— >+oo ' 

where: 

• ?T.Bgu(2) (0) R) is the open ball in SU(2) with radius R for the dilated Carnot-Caratheodory 
metric nd; 

• Bh (0, R) is the open ball in HI with radius R for the Carnot-Caratheodory metric; 

• <5gh is the Gromov-Hausdorff distance between metric spaces. 

In terms of heat kernels, the above result has the following counterpart: 
Proposition 3.13 Uniformly on compact sets o/R>o X R. 

lim t 2 p t (Vir,tz) = 2ir 2 hi(r, z) 

Proof. Let K be a compact of R>o x R and t > sufficiently small so that (y/ir,tz) E [0, ^] X 

[—it, it] forall (r, z) G K. 

According to Proposition 13.51 we have 

r t 3/2 f°° (v+itz) 2 r- 

t p t (vtr, tz) = / e « q t (cos Vtr cosh y)dy. 

V4vr J-oo 

The idea is now to use the estimates (|3.3p and (|3.4p and to study the two integrals: 

f (g+ita) 2 +arcco S 2 (coB vir cosh y) arccosfcos \ftr cosh ll) , 
Ji(t,r,z)= e « ^ v =^4d^ 



cosh ?/< — ^-7=- vl - cos 2 v/tr cosh 2 

cos vtr v * 



and 

/" (y + »t Z ) 2 -arccosh 2 (cc.s y^r cosh y) arCCOsllfcOS \/tr COsh Tv) , 

J 2 (t,r,z)= e « 1 V ==^rdy. 

Jcoshy> cos 1 ycos^v^cosh y— 1 

It is easily seen that for some constant C > 0, uniformly on K, 

\Ji(t,r,z)\ < Ce^Vir. 
Therefore J±(t,r,z) goes uniformly to on K. 

Let us now turn to the integral J2(t,r,z) and let us show that, uniformly, J2(t,r, z) converges 
to 27r 2 /ii(r, z). 

2 

Let e > 0. Let us observe that \e~e~ ~ ^ cotanh ?/ | jg less than ye~ y for big y and all r, z. 
Note also that for all 1 < u < cosh(y/2), 

/ y 2 -arcosh 2 u s arcoshu _j/ 2 _ 
e v « > < e st 
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and for all cosh(y/2) < u < cosh(y) 



e 



^ 2 -arc OS h 2 u - ) arcoshw y/2 



vV - 1 sinhy/2 

The last three quantities are integrable and do not depend on r, z, so we can find y\ > so that 



and 



■/|l/|>l/i Smh 2/ 



f (y + itz) 2 -arccosh 2 (cos V^rcoshi;) arCCOSll(cOS \ftr COSh 1/1 , 

/ e « — - ^-rfy < e. 



'|y|>j/i a/ cos 2 \flr cosh 2 y — 1 

Now we study the behaviour of our integrals for small y. \e^~e~ T^ cotanh ^ | is less than 1 for 

,! , ^(y + it Z ) 2 -ar eCO sfe 2 (cos x/tr coshy) ar ccOsh(cOS x/f r COsh ?/)) . , ±*L r ,1 r™ 

small y and e 4t — v is less than e 4 tor small y. Ihus, 

y cos 2 vtr cosh j/— 1 

as before there exists < yo such that 



7| W |<«, sinhy 



' 1 2/ 1 < 2/0 

and 

f (i/+itz) 2 -arccosh 2 (cos vtrcoshy) arccosh(cos \ftr cosh y) ) , 

/ e 4* — =^dy < e. 

■/arccosh ( — ^ ) < | y\ < y \J COS 2 y/tr COsh 2 y — 1 

Let yo < y < yi and < u < cosh y — 1 by the Taylor-Lagrange development formula we have 
the following equality 

w , x 1 _J/ u 2 

arccosh (cosh y - u) = y — — u ^ — • 

smhy smh s l 2 y 2 

for some y G]arccosh(cosh y — u),y[. By applying this to cos \ftr cosh y = cosh y — tr 2 cosh y + 
0{t 2 r A ) coshy, we get 



arccosh(cos Vtr cosh y) = y — ir 2 cotanhy + 0(t 2 r 4 ) (cotanhy + cosh 2 y — 



smh 3 / 2 y 

for some y e]arcosh(cos coshy), y[. So 

arccosh 2 (cos \/ir coshy) = y 2 — ir 2 ycotanhy + 0(t 2 r 4 ) (ycotanhy + y cosh 2 y ^ , ). 

sinh^ 2 y 

and 

(y+its) 2 — arccosh 2 (cos \/ir cosh y) — iyz r 2 . u tz 2 o A o 1/ 

2 _J «z = e ^ e __ ycotanh?;e _ (1 +0 ( t 2 r 4 )(ycotanh2/ + ycosh 2 y y ) 

sinh^ 2 y 

Finally, using also Taylor Lagrange development formula at order 1 we obtain 
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arccoshfcos y/ir cosh y) y tr 2 1 ^coshy, 

— / ~ = ~r-, 7T cosh(y)( = h 2 ^ — ) 

a/cos 2 V^rcosh 2 y - 1 smh y 2 sinh 2 y sinh^y 

for some y e]arcosh(cos s/ir coshy), y[. 

So finally, we see we can pass uniformly to the limit under the integral for yo < \y\ < Ui an d 
obtain our proposition. 

□ 

This dilation of SU(2) toward the Heisenberg group can also be seen at the level of differential 

operators. 

Through the map 

SU(2) -► H 
exp(r(cos 9X + sin 6*1")) expzZ — > (r,8,z) 

we can see the vector fields X, Y and Z of SU(2) as first order differential operators acting 
on smooth functions on the Heisenberg group with support included in a small enough Carnot 
Caratheodory ball of radius R. 

Let us now denote by D the dilation vector field on EI given in cylindric coordinates by 

d d 
D = r— + 2z— 

or oz 

For c > 1 we denote by X c , Y c and Z c the dilated vector fields 

X c = 1 -IlnaD Xe IlnaD 

yc = 1 -±lnaD ye ilnaD 
z c = 1 e -Il„cD Ze IlncD_ 

In the cylindric coordinates of the Heisenberg group, we have 




so that the dilated vector fields are well-defined on the Carnot-Caratheodory ball with radius 
R\fc. Consequently, if / : H — > R is a smooth function with compact support, we can speak of 
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X c f, Y c f, and Z c f as soon as the dilation factor c is big enough. For the dilated sublaplacian 

£C= l e _i lncD£e i lncD 
c 

= {X c f + (Y c ) 2 

-— + JLcotan— — + - f 2 + 1 + tan 2 l \ ^_ + ctan 2 + 2 (1 + tan 2 —)-?— 

dr 2 y/c y/c dr c I tan 2 y^c y <9# 2 y^c <9,z 2 a/c <9z<96> ' 

the same remarks hold true. 

With these notations, the operator analogue of the convergence of dilated SU(2) to EI is the 
following: 

Proposition 3.14 If f : H — > R is a smooth function with compact support, then, uniformly, 
lim c ^ +00 X c f = Xf, lim^oo Y c f = Yf, lim^oo Z c f = Zf, lim^oo C c f = tf . 

4 Gradient bounds for the heat kernel measure 

Let us recall that 

C = X 2 + Y 2 

with 

[X, Y) = 2Z, [Y, Z] = 2X, [Z, X] = 2Y. 

In this section, our main goal will be to quantify the regularization property of the semigroup 
Pt = e tc : We shall mainly be concerned with bounds for (XPtf) 2 + (YPtf) 2 . 

We shall often make use of the following notations (see [I], [3]): We set for /, g smooth functions, 

2T(f,g) = C(fg)-fCg-gCf 

and 

2T 2 (f,g) = CT{f,g) - Y(J,Cg) - V{g,Cf). 

In the present setting, 

r(fj) = (xf) 2 + (Yf) 2 

and 

r 2 (/, /) = (X 2 /) 2 + (Y 2 /) 2 + l - ((XY + YX)f) 2 + 2(Z/) 2 + 4T(/, /) - 4(Xf)(YZf) + A(Yf)(XZf). 

(4.6) 

In particular, if / is a smooth function that only depends on the variables r and z, we obtain 

T(f,f) = ^C(f 2 )-2fCf) 

+tan r [d-z ' 
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and 

r 2 (/,/) = l -{CT{f,f)-2T{f,Cf)) 



&2f \ 2 | 2tan 2 r( d2f Y I tan 4 r (^-) I 2 f^V + -A- f^T * 
<9r 2 y \drdz ) \dz 2 J cos 4 r \dz J sin 2 2r\<9r 

4tanr / d/\ / <9 2 / \ 2tanr / d/\ / 3 2 /" 



cos 2 r V cfe / V drdz J cos 2 r \dr J \ dz 2 



d 2 fY , A 2 5 2 / 2 df 
' 1 tan r 



dr 2 J \ dz 2 sin 2r 9r 



/ V cos 2 r <9z <9ri9z y 



4.1 A first gradient bound 

Proposition 4.1 Let f : SU(2) — ► R be a smooth function. For t > and g € SU(2), 

r(p t /, p t /)( 5 ) < A(t) I [ fdv -if fdf) 

\JSV(2) \JSV(2) 



where 



Proof. By left invariance, it is enough to prove this inequality at g = 0. We can moreover assume 
that Jgup) fdfJ' = 0. If we denote by X and Y the right invariant vector fields, then we have: 

r(p t /,p t /)(o) = (xp t ff(o) + (yp/) 2 (o) 
= (p t xff(o) + (py/) 2 (o) 

= (/ Pt (r,z)Xf(r,z)dA + t [ Pt (r,z)Yf(r,z)dA 

\JSIJ(2) J \JSV(2) J 

'SU(2) y \JSV(2) J 

Now, let us observe that since pt does not depend on 6, we have 

/ (x Pt ) 2 dfi= [ {Yp t ) 2 d l x = \! r(pt,pt)dn, 

JSV(2) JSV(2) 1 JSV(2) 

and 

f Xp t Yp t dfi = 0. 

JSV(2) 

Therefore, from Cauchy-Schwarz inequality, we conclude that: 

V{P t f,P t f){Q)<\ f T{pt,pt)dn f fdfi, 

1 JSV(2) JSU(2) 
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which is the required inequality because: 

f T(p t ,pt)dfi = - [ PtLptdfi = -~ f pjdfj, 

JSV(2) JSV(2) z at JSU(2) 



We now study the constant A(t). 
Proposition 4.2 We have the following properties: 
• A is decreasing; 



• A(t) 

• A(t) ~*_> +00 4e" 4i . 

Proof. Let us first show that C is decreasing. We have: 

A'(t) = - [ r 2 ( Pt ,p t )dfi. 

JSV(2) 

Since pt only depends on (r, z), r2(pt,Pt) > and thus A'(t) < 0. 
We can now observe that, due to the semigroup property, 

/ Ptdf* = P2t(0) 

JSU(2) 

But from Proposition 13.11 and 13.91 



+oo +00 

p*(o)= E J^( 2fc + 1 « i +i) e - (4fc(fc+|n|+i)+2|n|) * 

n=-oo £;=0 

_ 7r 2 e* ^ fc(fc+i)vr 2 (2k + 1) + 2ke~ L i L ~ 



4t 2 / ' 

fcez 1 + e t 



□ 



which implies the expected result. □ 
4.2 Li-Yau type inequality 

We now provide a Li-Yau type estimate for the heat semigroup. The inequality we obtain is 
an improvement in the specific case of SU(2) of the Cao-Yau gradient estimate for subelliptic 
operators that was obtained in [10] . The idea of the method that is used to prove Theorem 14.31 
is due to D. Bakry and was given to the authors during personal discussions; It is close to [6]. 
We have the following inequality: 
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Theorem 4.3 For all a > 2, for every positive function f and t > 0, 



a \ a — 1 a / Pj/ a a — 1 a — 2 i 

Proof. We fix a positive function / and t > and all the following computations are made at a 
given point x € SU(2). 
For < s < t, let 

$ 1 (s) = P s ((P t _ s /)r(lnP t _ s /)) 

and 

$ 2 (s) =P s ((P t _ s /)(ZlnP t _ s /) 2 ). 
Straightforward, but heavy, computations show that 

= 2P s ((P_ s /)r 2 (lnP_ s /)) 

and 

$' 2 (s) = 2P s ((P t _ s /)r(ZlnP_ s /)). 

Now, thanks to the Cauchy-Schwarz inequality, the expression 14.61 shows that for every A > 0, 
and every smooth function g, 

r 2 (g) > \(Cg? + 2(z g f +(*-f) r (<?) - 2\r(z g ). 

We therefore obtain the following differential inequality 

> Ps((Pt-sf)(C\nP t ^ s f) 2 ) + 4<D 2 ( S ) + (s - ^ - 2A*' 2 (s). 

We now have that for every 7 £ M, 

(£lnP_ s /) 2 >2 7 £lnP_ s /- 7 2 , 

and 

r , D , _ £Pt-sf T(Pt- s f) 

Thus, for every A > and every 7 € M, 

*!00 > U - j - 27) + 4$ 2 (s) - 2A$' 2 (s) + 2 7 £P t / - 7 2 PJ. 

Let now b a positive decreasing function on the time interval [0,t). By choosing in the previous 
inequality 

and 

1 / b' b" 

~< = 2 8 + 2 I + 17 
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we get 
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Integrating the previous inequality from to t with the function b(s) = (t — s) a , a > 2, gives 
the expected result. □ 

Remark 4.4 Of course, by the same method, we obtain a Li- Yau type inequality for the heat 
kernel pt(r, z) itself. 

Remark 4.5 Interestingly, we can obtain an exponential decay in the previous inequality. In- 
deed, if we use the function b[s) = e 3 I 1 — e 3a \ , a > 2, in the previous proof, then we 



obtain that for every a > 2, t > 0, 

3/ 8t \ . , / 1 \ 2 a e~3^ / 1 \ a 8< CPt f 

r ( lnP,/) + - (l - .- = ) (ZlnP.ff < 6 (-1 + -) — — ¥ -s (-1 + s ) jri."^. 

As a direct corollary of the Li- Yau type inequality of Theorem 14. 3| we classically deduce (by 
integrating along geodesies) the following Harnack type inequality: There exist positive constant 
A\ and A 2 such that for < t\ < t 2 < 1 and gi,g 2 G SU(2) 

< (4.7) 

where S(gi,g 2 ) denotes the Carnot-Caratheodory distance from g\ to g 2 . 
As another corollary we can also prove the following global estimate: 

Proposition 4.6 There exists a constant C > such that fort £ (0, 1), r E [0,7r/2], z £ [— 7r,7r], 

Vr(lnp,)(r,z)<c(^ + i=), 

where d(r, z) denotes the Carnot Caratheodory distance from to the point with cylindric coor- 
dinates (r, 9, z). 

Proof. In what follows, we fix t £ (0, 1). Let 

</>(s) = P s (p t ^s^Pt~s) 

so that 

= P s (p t _ s r(lnp t _ s )) 

and 

= P s (p t _ s r 2 (lnp t _ s )). 

Since pi only depends on (r, z) we have r2(lnp£_ s ) > and therefore <ft"(s) > 0. By integrating 
the last inequality from to t/2, we obtain 

t 

2 t'(s)ds > ^'(0) 
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that is 

2 

PtTQnpt) < - (P t / 2 {Pt/2^p t / 2 ) -ptla.pt) ■ 

We finally estimate P t / 2 {pt/2^ n Pt/2} ~ Pt^Pt by using first lnp t / 2 (r, z) < lnp t / 2 (0) and then 
the Harnack inequality (|4.Tj) : 



Pt(r, z) 



□ 



4.3 The reverse spectral gap inequality 

As in the Heisengroup case (see [5]), we can easily obtain a reverse Poincare inequality with a 
sharp constant for the subelliptic heat kernel measure on SU(2). 

Proposition 4.7 Let f : SU(2) — > R 6e a smooth function. For t > and 5 £ SU(2), 

T(P t f,P t f)(g) < C(t) (P t f(g) - (P t f) 2 (g)) 
where ^ 

1 at Jsu(2) 

Proof. By left invariance, it is enough to prove this inequality at g = 0. If we denote by X and 
y the right invariant vector fields, then, as seen before, we have: 



T(P t f,P t f)(0)= ( [ X Pt (r,z)f(r,z)dv) +( f Y Pt (r, z)f(r, z)d l i 

yJSU(2) J \JS\J(2) , 

Since pt does not depend on 6, we have 

(Xpt) 2 , f {Yptf, 1 f T(p t , Pt ) 



2 



JSU(2) 7SU(2) 2 VsU(2) Pt 

and 

' Pt -d» = 0. 



d/i, 



'SU(2) Pt 

Therefore, from Cauchy-Schwarz inequality, we conclude that: 



T(P t f,P t f)(o) <\f ^EhPA M p t f m ^ 

1 JSV(2) Pt 



which is the required inequality because: 

f r PuPt) d ^ = I T(lnp t ,p t )dfi = - [ ]np t Lptdfi = -^2 

JSV{2) Pt JSV{2) JSV{2) at JSV(2) 



□ 
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Remark 4.8 Due to the use of the Cauchy-Schwarz inequality in the previous proof, we see that 
the previous inequality is sharp. 



We now study the constant 



1 d f 

C ^ = ~o7i7 / PtlnPtdfJ,. 
1 at Js\j(2) 



J(2) 

Proposition 4.9 We have the following properties: 

• C is decreasing; 
. C(t) I; 

• C(t) ~^ +txJ 4e- 4 *. 

Proof. Let us first show that C is decreasing. After some computations, we obtain: 



C'(t) = - T 2 {hxptMPt)Ptd^- 
J SUY21 



'SU(2) 

But now, let us observe that pt only depends on (r, z). Therefore T2Qn.pt, Inpt) > and thus 
C'{t) < 0. 

We now study C(t) when t — > 0. The idea is that, asymptotically when t — > 0, the constant C(t) 
has to behave like the best constant of the reverse spectral gap inequality on the Heisenberg 
group (see the Section 3.4.). From [5], this constant is known to be 1/t. 
We have: 



tC ( t ) = ^ p t T (In p t , In p t )dfi 

1 JSU(2) 

= / / i 5//2 pt(Vtr,tz)T(\npt,\np t )(\fir,tz)drdz 

J r =o Jz=-+ 4?r 



Now, if we denote 



X 


= COS 1 


dr 


sin 

r 


9 


^ dz' 


Y 


= sin 6 


dr 


COS 1 

r 


9 9 
dd 


^ dz' 


h t {r,z) = 


1 


r+oo 


e 2 


A r 2 


AcotanhAt 


16vr 2 


J — oo 


e * 

sinh At 





and 

i r+oo , \ 2 

l d\, 

according to the results of Section 3.4., the following convergences hold 

hmt ' pt(vtr,tz) = 2irhi(r, z)r 

YimtT(lnp t ,lnp t )(Vir,tz) = (X In /ii) 2 (r, z) + {Y \nhi) 2 (r, z). 
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Moreover, thanks to Proposition 14,61 there exists a constant C > such that 

tTQnp t ,lnp t )(Vtr,tz) < C, t e (0,1). 
We can therefore apply a dominated convergence to obtain: 

UmtC(t) = ~ [ /ii(r,z) ((X In /ii) 2 (r,z) + (Y In /ii) 2 (r,z)) rdrdddz. 
This last expression is equal to 1, according to [5]. 

We finally turn to the analysis of C{t) when t — > +oo. For that, we use the expression 

C(t) = - [ T(pt ' Pt) d» 

2 JSV(2) Pt 

and the spectral decomposition of Proposition 13.11 to get that uniformly on SU(2), 

T(p t ,pt) ~j^+oo 16e _4 *r(cos r cos z, cos r cos z) 

Therefore, 

C(t) ~^oo 8e -4 * / r(cos r cos z, cos r cos z)c^u, 

JSU(2) 

and we compute 

/ r(cos r cos z, cos r cos z)dp = -, 

VsU(2) 2 

to conclude. □ 
4.4 L p gradient bounds 

The goal of this section is to prove the following gradient bounds: 

Theorem 4.10 Let p > 1. There exists a constant C p > 1 such that for any smooth f : 
SU(2) -> M and any a G SU(2) 



Vr(P t f,Ptf)(g) < C p e~ 2t (P t r(fJ)2(g))\ t>0. 



Remark 4.11 Let f(r,9,z) = cos r cos z. In that case, Cf = —2f and T(f, f) = sin 2 r. There- 
fore the exponential decay e~ 2t is optimal and moreover: 

sinr < C p Pt(sinr) p 
which implies, by letting t — > oo, C p > (l + |)*- 

Remark 4.12 We conjecture that the inequality still holds true for p = 1. 
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4.4.1 Long-time behaviour 

We first study the long-time behaviour T(Ptf,Ptf). For that we will rely on a commutation 
between the complex gradient and the semigroup Pt (such a type of commutation involving a 
Folland-Stein type operator has already been used in the Heisenberg group to study gradient 
estimates, see [5]). 

The Lie algebra structure relations lead to: 

{X + iY)L = (L-AiZ + 4)(X + iY), (4.8) 

which leads to the formal commutation: 

(X + iY)P t = S L - AiZ+A \x + iY). 

In what follows we give a precise analytical sense to the previous commutation. 

Remark 4.13 We can observe that the constant that appears in the commutation is positive, 
which is quite striking because we expect an exponential decay. Nevertheless, as we will see below 
e t(L—UZ) gj ves a d ecav e — 6t against complex gradients. 

Lemma 4.14 Let t > and r > 0. The function 
z ->pt{r,z) 



(1 — cos re* 2 2t ) (1 — cos re 
admits an analytic continuation on {z £ C, | Imz |< — In cos r + 6t}. The function 

z ->p t (r,z) 

is therefore meromorphic on {z £ C, | Imz | < — In cos r + 6t} with double poles at —i(— In cos r + 2t) 
and i (— In cos r + 2t). 

Proof. This is an easy consequence of the spectral decomposition of pt- 

+oo +oo 



p t (r,z) = ^Z( 2k + I n I +l)e~ (4fc(fc+|n|+1)+2|n|) *e in2 (cosr)l n lp°' |n| (cos2r). 

n=-oo k=0 



□ 



Let us know observe that if k = and n < 0, 

(X + iy)e m2 (cosr)l n lp fc °' |n| (cos2r) =0. 
If, for t > 0, r>0, z£C — {— i (— In cos r + 2t)}, \ Imz |< — In cos r + 6i, we denote 

P*t{r,z) =p t {r,z) 



(1 — cos re lz 2t ) 2 ' 
we have therefore 

(X + iY) Pt = {X + iY)p* t . 
Combining this with (|4.8p leads to: 
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Proposition 4.15 If f : SU(2) — > R is a smooth function, then 

(X + iY)P t f(0) = e 4t [ p* t (r,z + 4it)(X + iY)f(r,9,z)dfi, t > 0. 
Jm 

And, as a corollary: 

Corollary 4.16 There exists to > and yl > such that for any smooth f : SU(2) 



y/T(P t f,P t f)(0) < Ae- 2t P t ^/T(JJ)(Q), t>t . 

Proof. We denote 

I Pt{r,z + 4it) | 

= sup sup 



-e[o,f ] 26[-7r,7r] Pt(r, z) 
Since, 

+ 0O 

p*(r, z + 4it) = J^(n + l)e- &nt e inz (cos r) n 
n=l 

+oo +oo 

+ E E( 2/fc+ I n I +l)e" (4fc(fc+|n|+1)+2|n|) 'e m ^- 4ri '(cosr)l"lp°' |n| (cos2r) 

71= — oo k = l 

there exists to > and A > 0, such that for i > vi , 

< 1^ (0) I . < Ae~ 6t , 

1-1 1-Pt(0) | - 

and the proof is complete. □ 
Remark 4.17 The above function &(t) explodes when t — ► 0. 

Remark 4.18 We conjecture that the ratio sup r z ^ s ^^_ Pt ^*^~^ is bounded when t — > 0, where 
R is big enough and S^y^ denotes the Carnot Caratheodory ball with radius R\ft. By a partition 
of unity similar to J2|/ ; this would imply that Theorem \4-10\ also holds for p = 1 . 

4.4.2 Short-time behaviour 

We now conclude the proof of Theorem 14.101 by showing that the inequality does not explode 
when t — > 0. We shall use here the commutation between left-invariant and right invariant 
vector fields. It relies on the following lemma: 

Lemma 4.19 Let q > 1. The limit 

lim / (sin 2r) q T(\up t , hipt) 2 (r, z)p t (r, z)dfi 
Jsv(2) 



is finite. 
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Proof. The proof is similar to the proof of the second point of Proposition 4.9.: By scaling and 
a dominated convergence argument based on Proposition 4.6., we obtain: 

lim / (sin 2r) q F (In pt,\npt) ^ (r, z)pt(r, z)d/j l 
t ^°Jsu(2) 

=2 q I r q h x (r,z) [(X\nh l ) 2 (r,z) + (Y\nh l ) 2 (r,z)Y' 2 rdrdOdz, 



which is finite, due to known results on the Heisenberg group (see [5]). □ 
We can now deduce: 

Proposition 4.20 Let p > 1. There exists a constant A p > such that for any smooth f : 
SU(2) -> R and any g e SU(2) 

Vr(P t f,P t f)(g) < a p (p t r(f, f) p 2( g )) ? , t e (o, l). 



Proof. Due to the fact that the right-invariant vector fields X, Y commute with C, we get 

(XP*/)(0) = (P t Xf)(0) 

and 

(yp t /)(o) = (p t Yf)(o). 

Now, X, y, Z form a basis at each point, there exist therefore smooth functions such that: 

x = n ltl x + n lt2 Y + n lt3 z 
y = n 2il x + n 2t2 Y + n 2;3 z. 

By using [X, Y] = 2Z and integrating by parts, we obtain 

(xp t f)(o) = ^ (n hlPt + Iy(o 1)3Pt )^ (x/) + (n h2Pt - ^x(n h3Pt fj (Yf)d^ 



and 



(YP t f)(o) = ^ (n 2>lPt + iy(o 2i 3p t )j (x/) + ^n 2)2Pt - ^(n 2 ,3Pt)) (*7)<^. 



'SU(2) 

We easily compute 

0^3 = sin#sin2r 

and 

2i 3 = — cos sin 2r. 

By using Holder's inequality the expected result follows from Lemma 14.191 □ 
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